The asymptotic iteration method is applied, to calculate the angular spheroidal 
Introduction
The solution of the spheroidal wave equation is a very old subject, but it still an important theme in the existing literature. The importance of this equation arises in many areas of physics. For instance, it plays an important role in the study of light scattering in optics [1] [2] [3] , nuclear modeling [4] , signal processing and communication theory [5] , electromagnetic modeling [6] , and in finding the electromagnetic induction (EMI) response of canonical objects at magnetoquasistatic frequencies [7] .
Applications utilizing complex c include for example, light scattering from spheroidal particles, and spheroidal antennas enveloped in a plasma medium.
Attempts to find rapid, and accurate eigenvalues λ Since that time, serious attempts for this case were made by many authors. Slepian [9] , and Streifer [10] derived uniform asymptotic expansions for the spheroidal functions and their eigenvalues, which were further developed by des Cloiseaux, and Mehta [11] , and Dunster [12] . Other asymptotic results based on WKB methods have been obtained by Sink, and Eu [13] . Recently, asymptotic expansions of λ m ℓ (c) for large l, and c have been proposed by Guimaräes [14] , de Moraes and Guimaräes [15] , and the work of Do-Nhat [16, 17] summarizes and provides more details of Flammer's expansions for λ [19] , Li et al. [20, 21] , and Falloon et al. [22] are of the most recent ones.
Those attempts to obtain the eigenvalues λ The present work applies the asymptotic iteration method (AIM) [23, 24] , for the computation of the angular spheroidal eigenvalues λ m ℓ (c) with arbitrary complex size parameter c = c r + c i i. This method was applied by Barakat et al. [25] to compute the angular spheroidal eigenvalues λ m ℓ (c) with real c 2 , and for the eigenenergies of the anharmonic oscillator potential [26] . The implementation of this method was straightforward, and the results were sufficiently accurate for practical purposes.
Most importantly, the numerical computation of the angular spheroidal eigenvalues using this method was quite simple, fast, and the eigenvalues were satisfying a simple ordering relation. Therefore, one can unambiguously select the correct starting eigenvalue.
Furthermore, AIM was quite flexible in the sense that, it is applicable to any parameter value involved like ℓ, m, and c. It also handles λ m ℓ (c) with large ℓ, and c which poses many numerical instabilities to some of the previously mentioned methods. Therefore, the main motivation of the present work is to overcome the shortcomings of those approaches, and to formulate an elegant algebraic approach to yield a fairly simple analytic formula which will give rapidly the eigenvalues with high accuracy.
In this spirit, this paper is organized as follows. In Sec. 2 the asymptotic iteration method for the angular spheroidal wave equation is outlined. The analytical expressions for asymptotic iteration method are cast in such a way that allows the reader to use them without proceeding into their derivation. In Sec. 3 we present our numerical results compared with other works, and then we conclude and remark therein.
2 Formalism of the asymptotic iteration method for the angular spheroidal wave equation
The angular spheroidal wave equation, with which we shall be concerned, is
The parameter c, which is related to the ellipticity of the spheroidal coordinate surfaces, is allowed to be a complex variable in the present work. Consequently, there is no need to make the usual distinction between the prolate, and oblate forms of the spheroidal wave equation, and the prolate form equation (1) is adopted for definiteness. The other parameters λ m ℓ (c), and m are separation constants. The second arises as a wave number for the polar angle of spheroidal coordinates and, as usual, is required to be a nonnegative integer; ℓ ≥ m is an integer enumerating the eigenvalues, and functions.
The spheroidal wave functions S ℓ,m (c; η) are defined to be the solutions of equation (1) that are finite at the two end points η = ±1 of the range of the independent variable. These finiteness can be satisfied only for certain eigenvalues λ 
into equation (1), we find that the regular solution has α = m/2. Without loss of generality, we can take m ≥ 0 since m → −m is a symmetry of the equation.
Therefore, we get an equation that is more tractable to the method if we factor out this behavior. Accordingly, we set
then the new function y ℓ,m (c; η) will satisfy a second-order homogenous linear differential equation of the form
where
Both equations (1), and (4) are invariant under the replacement η → −η. Thus the functions S ℓ,m (c; η), and y ℓ,m (c; η) must also be invariant, except possibly for an overall scale factor.
The systematic procedure of the AIM begins by rewriting equation (4) in the following form
, and s 0 (η) = − ε − c 2 η
and following the technique of AIM [23, 25] , that will lead to a general solution of equation (6):
If for some n > 0,
with
For sufficiently large n, we can now introduce the termination condition of the method, which in turn, yields the angular spheroidal eigenvalues λ m ℓ (c)
3 Numerical results for the angular spheroidal eigenvalues λ m ℓ (c)
Within the framework of the AIM mentioned in the above section, the angular spheroidal eigenvalues λ m ℓ (c) are calculated by means of equation (11) . To obtain the eigenvalues λ m ℓ (c), the iterations should be terminated by imposing a condition δ n (η)= 0 as an approximation to equation (11) . On the other hand, for each iteration, the expression δ n (η) = s n (η)λ n−1 (η) − s n−1 (η)λ n (η) depends on two variables: λ m ℓ (c), and η. The calculated eigenvalues λ m ℓ (c) by means of this condition should, however, be independent of the choice of η. Nevertheless, the choice of η is observed to be critical only to the speed of the convergence to the eigenvalues, as well as for the stability of the process. In this work it is observed that, the best starting value for η is the value at which the effective potential of equation (1) takes its minimum value. For this purpose, it is necessary to perform the variable change η → tanh(x), mapping the finite interval (-1,1) into the infinite one (−∞, ∞), and then equation
(1) can be rewritten as
where the effective potential V ef f (x) is
V ef f (x) is an even function, its minimum value occurs when x = 0, which in turn implies that η = 0. Therefore, at the end of the iterations we put η = 0.
To test the rate of convergence of AIM numerically, we calculate the angular spheroidal eigenvalue λ 0 0 (10) shown in figure 1 . We simply tried a set of iteration numbers n = 5, 10, ....., and the convergence of AIM seems to take place smoothly when n ≥ 45 iterations. A second, more stringent, test of the method is shown in Table 3 , where we consider large real c, in this case, in order to reproduce more accurate results, the angular spheroidal eigenvalues λ m ℓ (c) were calculated by means of 100 iterations. Again the agreement is quite excellent with the available published data.
It is worthwhile to emphasize that, the AIM is very easy to implement for calculating the angular spheroidal eigenvalues λ 2 . Hence, one can unambiguously select the correct starting eigenvalue. This represents a significant advantage over the tridiagonal matrix method [22] in which, the eigenvalues are not ordered, and hence to choose the correct matrix eigenvalue, one must use an iterative process to move towards the starting value.
As a concluding remark, we would like to point out that, the accuracy of the results could be increased if the number of iterations are increased. [20] , and by means of the present work. 
